In this paper we consider a functional-coecient spatial Durbin model with nonparametric spatial weights. The model includes the spatial lag of dependent variable as well as the spatially lagged exogenous variables that incorporate the weighted average of the neighbour countries' values. As an estimation methodology, rst, we use series approximation, particularly using Laguerre polynomials, for estimation of functional coecients and unknown spatial weighting functions via a nonparametric GMM estimation method. Second, we apply the local linear regression to construct a second step estimator for the varying coecients.
Introduction
Ever since the seminal work of Mankiw et al. (1992) , there has been a signicant amount of empirical work studying variation in economic growth rates across countries. This paper examines the impact of cross-country externalities on nations' growth processes with the Solow growth model.
The role of spatial dependence in nations' and regions' economic growth has recently receiving substantial attention in the empirical growth literature. It has been recognized that a nation's per capita GDP growth rate is aected not only by its own values of determinants such as savings, population growth rate and initial level of income, but also by neighbouring nations' per capita GDP growth rates and values of determinants. In addition, it has been of interest to examine country-specic parameters in the growth model rather than to assume traditional common linear regression for all countries, i.e., the parameter homogeneity (Durlauf et al., 2001) . For a detailed survey on spatial econometric models, see Cli and Ord (1981) , Anselin (1988) , LeSage and Pace (2009) , and Anselin and Florax (2011) .
There is a growing body of literature on modelling technological externalities and spatial spillovers to explain cross-country variations in economic growth rates. Ertur and Koch (2007) study technological interdependence between countries through a spatially augmented Solow growth model. Their empirical results suggest positive and siginicant spatial dependence together with predicted signs for all coecients.
We employ the same spatial Durbin model (SDM) as Ertur and Koch (2007) did to investigate growth patterns of 91 countries in the period 1960-1995. This paper contributes to the existing literature in three aspects. First, unlike Ertur and Koch (2007) , we use a nonparametric approach to estimate the model. Particularly, we impose no restrictions on the functional form of the spatial weight matrices.
Second, parameters of the SDM are allowed to be an unknown function of covariates such as country's development characteristics. In doing so, we are better able to account for the relationship between response variable and exogenous regressors (Fan and Zhang, 2008) . Third, we employ the two-step estimation method for the varying coecients. In the rst-step, the nonparametric generalized method of moments (non-GMM) is used for estimation of unknown spatial weights as well as functional coecients. In the second-step, we apply the local linear regression approach to the varying coecients.
The remainder of this paper is organized as follows. Section 2 introduces the spatial Durbin model. Section 3 presents our estimation methodology. Section 4 reports Monte Carlo simulation results to examine the nite sample performance of the estimators. Section 5 demonstrates our method using an empirical illustration. Section 6 concludes.
Model
The question of how to measure spatial interaction between any pair of units is answered by dening neighbourhood set for each observation and choosing relevant variables. Ord (1975) sets spatial weights for an observation i, g ij , j = 1, 2, ..., n as the ratio of common border between units i and j ∈ S i , where S i is the neighbourhood set of observation i, to the distance between them. Moreover, in a general sense, the term 'neighbour' can also refer to contiguities explained by economic variables (Case et al., 1993; Pinkse et al., 2002) and social networks (Lee, 2007b ).
An alternative approach to dene spatial interactions is letting the data to tell researcher specic functional form of the weights by using nonparametric method.
Unlike the parametric spatial model, this approach enables the researcher to impose fewer assumptions on the spatial weights matrix. Let G n and M tn , t = 1, 2, ..., p, be n x n spatial weight matrices constructed by using geographical proximity between observations. Consider the following functional-coecient spatial Durbin model with nonparametric spatial weights:
where y i is a scalar dependent variable, X i and D are p x 1 and n x 1 vectors of exogenous covariates, respectively; g(.) and m t (.) 1 , t = 1, 2, ..., p, are the unknown functions of a nonstochastic variable Z with Z ii = 0 and Z ij > 0 for i = j corresponding to nonzero o-diagonal elements of G n and M tn ,t = 1, 2, ..., p, respectively, when i = j and zero diagonal elements otherwise. Furthermore, θ(.) is a p x 1 vector of unknown coecient functions of the variable D. The random disturbance u i is i
Estimation Methodology
If the data generating process exhibits spatial autocorrelation, it must be accounted for by incorporating spatially lagged dependent variable into the model. In a failure of including this variable in the model, there would be an omitted variable type specication error due to the fact that unobserved factors may have direct eect on response variable 2 . For a discussion of various motivations behind the spatial models, see LeSage and Pace (2009, p.25) . Moreover, the presence of spatial lag dependent variable in the model results in a simultaneous relationship between observations, which is known as an endogeneity problem. In a seminal article, Manski (1993) points out identication issue arising from possible collinearity between endogenous and exogenous eects in the model-the so called 'reection problem'. The diculty to distinguish these two effects happens especially in social interaction models, i.e., when peer eects are taken into account in the model (Lee, 2007b) . Moreover, for a discussion on a dierence between reection eects and spatial interactions, see Pinkse and Slade (2010, p.110) .
The endogeneity problem can be addressed by using the maximum likelihood (ML) 1 mt(.), t = 1, 2, ..., p, are the elements of a p x 1 vector m(.).
2 In this case, the ordinary least squares (OLS) estimator would be biased and inconsistent due to the fact that it does not take into account spillover or indirect eects. estimation framework or the instrumental variable (IV) approach. Ord (1975) was the rst examined the ML estimation of parameter of spatial autoregressive (SAR) model. He proposed to use the eigenvalues of the spatial weights matrix to alleviate the computational complexity of the ML method in large sample sizes. In addition, Lee (2004) investigates large sample properties of the ML estimator (MLE) without normality assumption on error terms. He shows √ n-consistency and asyptotic normality of the MLE and quasi-maximum likelihood estimator (QMLE). Moreover, to see an analytical investigation of the nite sample properties of the ML estimator for the spatial model, refer Bao and Ullah (2007) .
Alternative estimation methods with a distinctive feature of being computationally feasible as compared with ML technique include the method of moments (MOM) examined in Kelejian and Prucha (1999) . Their estimator is consistent and has small sample properties similar to the QMLE; however, it is less ecient than the MLE.
Furthermore, Lee (2007a) studies the generalized method of moments for the estimation of the SAR model and shows that the best GMM estimator can be as ecient as the MLE with normally distributed errors. Recently, Liu et al. (2010) have relaxed the normality assumption of the disturbances and showed that the best GMM estimator is asymptotically more ecient than the Gaussian QMLE and asymptotically as ecient as the MLE with normal disturbances.
In the rest of this section, we show the estimation of the unknown functionals. We use the method of sieves as a nonparametric technique to estimate the unspecied functions via the non-GMM estimation method. For an overview of the sieve estimation method, see Chen (2007) . We approximate the unknown weighting functions g(.) and m t (.), t = 1, 2, ..., p, and the vector of functional coecients θ(.) by series
j=1 is a sequence of orthonormal basis functions over the interval [0, ∞), and L n denotes the number of approximating functions. We use Laguerre polynomial series, which is one of the common choices for series expansions when a function has an unbounded support (Chen, 2007, p.5574 ). In addition, L n acts as a smoothing parameter having a property that it increases slowly with the sample size. In other words, it is required to have L n → ∞ and L n /n → 0 as n → ∞. An introduction of series methods in a nonparametric framework can be found in Li and Racine (2007, Chapter 15) .
We can rewrite model (2.1) as
(3.1)
In vector notation, (3.1) is then
We can obtain the non-GMM estimates of the parameters in model (3.2) using the following moment conditions:
The specication of the instrumental variable matrix, Q n (z), is of great importance to obtain an ecient estimator (Anselin, 1988) . Since the number of approximating functions increases with the sample size, the number of endogenous variables increases.
The proposed instruments for the endogenous variables, j =i φ l (Z ij )y j , l = 1, 2, ..., L n , in the literature consist of spatial lag of the exogenous variables (Anselin and Bera, 1998) . In this paper, we use j =i
{1, 2, ..., p}, t 1 = t 2 , where we denote L n x1 vector of approximating functionsΦ Ln (z) = [φ 1 (z), φ 2 (z), ..., φ Ln (z)] T , as our instruments if the model has more than one exogenous regressors. Otherwise, we select j =i Φ Ln (Z ij )D j as the second instrument.
To derive our rst-step estimator, we rewrite model (3.2) as follows:
as the ith row of matrix V n (z) and the (2p + 1)L n x1 vector of parameters ξ = [α, γ 1 , γ 2 , ..., γ p , β 1 , β 2 , ..., β p ] T . Then, the GMM estimator of ξ iŝ
and hence the corresponding nonparametric GMM estimators 3 of unknown functions
Next, we approximate the functional coecients, θ(d), using the local linear modelling approach. By doing so, we expect to have an improvement in the estimator of θ(d) 4 . The second-step estimator for θ(d) is calculated as follows. We rst replace g(z) and m(z) in (2.1) byĝ(z) andm(z), and treatŷ i = y
as the dependent variable. Then, using a rst-order Taylor series expansion of θ(.)
, the corresponding local linear estimator can be obtained from a minimization of a weighted least squares regression problem 5 :
where K(.) is a kernel function, which assigns more weights to the closest data points to D 0 , and h is the bandwidth, which controls the size of the local neighbourhood around D 0 . For a complete treatment of local linear estimator, see Fan and Gijbels (1996) .
Monte Carlo Simulations
In this section, we present the results of a small Monte Carlo study to assess the nite-sample properties of our estimators. We generate the data from the following regression model:
where the variables are randomly drawn as follows: u i ∼i.i.d.N (0, 0.5), D i ∼U [0, 1], and X∼N (µ, 1) with µ = 0 or µ = 4. In order to calculate nonstochastic distance variable, Z, we rst randomly generate n observations from U [0, R n ] distribution with R n = 0.001n 1.6 , by which we control the maximum value of distance. Then, we calculate Z ij as the absolute distance between observation i and j. The specication of the weight functions requires that g(.) and m(.) are decreasing and nonnegative functions. This reects the fact that spatial dependence decays as the distance between spatial units increases. Following Ertur and Koch (2007) , we, therefore, set 6 g(z) = 0.05exp(−z/0.05) and m(z) = 0.02exp(−z/0.02) for z > 0, g(0) = 0, and m(0) = 0.
In our design, all random variables, u i , D i , X i and Z i , are mutually independent.
We consider sample size n ∈ {100, 200, 400}. The number of replications is 1000 for each n in the Monte Carlo experiments. Moreover, we set L n = {1, 2, 3} for each sample size, respectively. In the second step estimation of coecient functions, we select the bandwidth via cross-validation and use Gaussian kernel function. To measure the performance of the estimators, we compute the root mean squared errors (RMSEs) for each simulation. In Table 1 From Table 1 , we observe that the second-step estimator performs slightly better than the nonparametric GMM estimator when µ = 4. But this relation is reversed for large sample sizes when µ = 0. Moreover, taking − → θ (.) as the reference estimator, we see that bothθ(.) andθ(.) perform far beyond − → θ (.) for small sample size, i.e., n = 100 when µ = 4. However, it is remarkable to note that both estimators have a fast convergence rate. Overall, we can conlcude that simulation results lend support to the theory as well as bringing up a new feature of the proposed estimators 8 .
Empirical Application
6 Our weight functions include coecients, which ensures a weight less than 1. 7 We did not report the RMSEs of estimates of g(.) and m(.) obtained from the nonparametric GMM estimator in the second step. Their results are exactly the same or slightly dierent than the one from the initial non-GMM estimators.
8 Moreover, estimators perform far worse when we use the Silverman's (1986) rule-of-thumb bandwidth.
In this section, we illustrate our proposed methodology investigating cross-country growth patterns. We want to evaluate the impact of a country's initial income, saving rate, population growth rate, and openness as well as neighbour countries' economic growth rates and structural characteristics on a country's economic growth rate. We employ the Heston-Summers data (Penn World Table 6 .1) as used in Mankiw et al. (1992) and Ertur and Koch (2007) ; furthermore, we follow Ertur and Koch (2007) to use a sample of 91 countries listed in Mankiw et al. (1992) . Consider the following conditional convergence Solow growth model:
m(Z ij )ln(y60) j +θ 1 (lopen i )+θ 2 (lopen i )ln(y60 i )+θ 3 (lopen i )ln(s i )+ θ 4 (lopen i )ln(n i + 0.05) + u i , 910 for i = 1, 2, ..., 91, (5.1) where y i is the ith country's average growth rate of real GDP per capita between 1960 and 1995, y60 i is the ith country's initial real GDP per capita in 1960, s i is the ith country's average saving rate, n i is the ith country's average growth rate of working-age population (ages between 15 and 64), lopen i is a scalar development index of a country dened as the logarithm of the ith country's average ratio of total import plus export over its real GDP over the period from 1960 to 1995, and Z ij is the great-circle distance between ith and jth countries' capitals 11 .
The parameter estimates,θ 1 (.),θ 2 (.),θ 3 (.),andθ 4 (.), are presented in Figure 1, where the solid lines display the second step estimates. The dashed lines display the estimates of the spatially augmented homogeneous Solow growth model of Ertur and Koch (2007) , which we include as a baseline. We interpret Figure 1 as follows. First, in Figure 1(b) , we see that there is a negative relation between the initial level of income and the economic growth rate except for Hong Kong, Zambia, Cameroon, and Singapore, which conrms a conditional β-convergence hypothesis. Moreover, we observe thatθ 2 (.) is an increasing in openness, which, however, results in a gradually declining degree of convergence. In addition, we see that the nonparametric model reveals slightly weaker conditional economic growth convergence as compared with the parametric model. Ertur and Koch (2007) , we include only one spatially lagged exogenous variable due to the fact that the sample size is less than 100.
10 We choose y60 to dene a spatially lagged exogenous variable. The reason behind this choice is that spatial lag eects from saving rate and population growth rate were not found signicant in Ertur and Koch (2007, 11 We follow Ertur and Koch (2007) in calculating the variable Z ij :
where radius is taken as the Earth's radius, and lat i and long i are latitude and longtitude for country i, respectively. Figure 1(c) , we see thatθ 3 (.) is uctuating as the trade openness of countries increases and exhibits positive relation between the real investment rate and real GDP per capita growth rate. The result indicates that the nonparametric model sees stronger positive impact of investment rate on real GDP per capita growth rate for 86 countries than the parametric model does. Third, in Figure 1(d) , it is observed that the population growth rate has a negative impact on the real GDP per capita growth rate. Moreover, although we note thatθ 4 (.) is decreasing in openness, as compared with the parametric model, our model sees almost the same impact of the population growth for 44 countries 12 . Overall, Figure 1 can be interpreted as the fact that an open economy suers from higher negative impact of population growth rate, but at the same time takes the advantage of high initial real GDP per capita. we see thatĝ(.) is a nonnegative decreasing function of distance variable, Z; i.e., a smaller absolute weight is assigned to the real GDP per capita growth rate of a country located further away from the country of interest. This result is consistent with Ertur and Koch's (2007) ndings in which the spatial weights are assumed to be nonnegative 13 . Secondly, unlike positive coecient on the spatially lagged initial level of income in Ertur and Koch (2007) together with nonnegativity assumption on weights, in Figure 2 (b), we observe negative spatial weights which are getting closer to zero as the distance between two countries increases.
Second, in
12 Trade openness for these countries ranges between 3.2 and 4.2. 13 In fact, they found positive coecient estimate for the spatially lagged dependent variable.
Figure 2: Estimated Spatial Weighting Functions
Next, due to the cross-country interactions through spatial weights, the functional coecient estimates have dierent interpretation than the one obtained from the nonspatial model. In order to correctly interpret these estimates, we rewrite the estimated model in a reduced from as follows: Y = (I n −Ĝ n ) −1 [M n ln(y60) + θ 1 (lopen) + θ 2 (lopen) ln(y60) + θ 3 (lopen) lns + θ 4 (lopen) ln(n + 0.05) + U ], (5.2) where denotes the Hadamard product and U is the n x 1 vector of residuals. Then, from (5.1), the estimated marginal eects are given by the following n x n matrices: where we dene diag{a} as an n x n diagonal matrix with the elements of an n x 1 vector a on the main diagonal. Following LeSage and Pace (2009), we label the diagonal elements of each matrix given above as the direct impacts and o-diagonal elements as the indirect impacts 14 .
In Table 2 , we report average direct impact (ADI) and average indirect impact (AII) of the 3 explanatory variables, where the latter can be easily dened as the dierence between average total impact 15 and the average direct impact. The interpretation of Table 2 is as follows. Firstly, we observe that a 1% increase in the real initial GDP per capita of an economy holding other factors xed results in a decrease by .59% in its own real GDP per capita growth rate as well as by .17% on the rest of the economies economic growth rates on average. From another point of view, a 1% increase in all the regions/nations initial real GDP per capita slows down this economy's real GDP per capita growth rate by .17%. This result is dierent than the nding of Ertur and Koch (2007) , which indicates a positive spillover eect of the initial level of income.
Secondly, a 1% increase in this economy's real investment rate improves its own as well as all the nations real GDP growth rate by 2% and .32% on average, respectively.
Thirdly, we see a 3.77% of negative eect of a 1% increase in population growth rate of this economy on its own economic growth rate. Moreover, this increase retards economic growth of all the countries by .43% on average.
Conclusion
We employ a spatial Durbin model combining with the nonparametric spatial weighting functions as well as the unknown functional coecients to estimate the augmented Solow growth model with a sample of 91 countries over the period 1960-1995.
Our ndings are consistent with Ertur and Koch (2007) as well as indicates each parameter as a specic function of trade openness of a country. Moreover, we nd a negative spatial eect from the initial GDP per capita.
